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A method has been developed for applying ciassical minimization techniques to forms of
algebraic performance indices for use in optimol adaptive control systems. Essentially, the
derivative of a general objective function is constrained to be equal to the integrand of a
desired integral performance index. This generates a set of linear algebraic equations, the
solution of which results in an algebraic objective function which is explicit in the system
parameters. Derivatives of this function can be taken with respect to the controllable param-
eters, set equal to zero, and solved for the settings which minimize the performance index
over time. Alternatively, the function itself may be searched for its minimum on the con-
trollable parameters.

The method has been applied to a stirred tank chemical reactor with an exothermic first-
order reaction in which heat removal was accomplished by cooling coils. The cooling water
flow rate was controlled by a proportional-plus-integral controller and by a three-mode con-
trofler. The adaptive control system adjusted the conmtroller settings periodically. The plont,
which was third-order, was controlled to a second-order dynamic reference model. The re-
sponses to both initial offsets (start-up problem) and disturbances in system parameters were
investigated. In all cases, the adaptive control system performance was markedly superior

to that for the unadapted, ordinary feedback control system.

Chemical engineers in recent years have made significant
advances in describing physical phenomena which. are of
interest to the process industries, but advances in the con-
trol of these processes have not always kept pace primarily
because of the need for expensive hardware to implement
the control. Recent developments in small, relatively in-
expensive computers are encouraging greater use of sophis-
ticated control schemes since the cost of implementation
has been lowered. In particular, adaptive control is finding
promising applications in the process control field, because
it has important advantages over ordinary feedback con-
trol.

Many definitions have been proposed for adaptive con-
trol (2 to 4, 9). In this work a control feature will be con-
sidered to be adaptive if, rather than adjusting independent
input variables, it adjusts parameters which directly affect
system dynamic characteristics. This is equivalent to vary-
ing coefficients in homogeneous system differential equa-
tions as opposed to specitying forcing functions in the com-
plete system equations. These adjustments are made in the
tace of unknown disturbances based on a comparison of
the current state of the system with its desired state.

MODEL REFERENCE

A block diagram of a model reference adaptive control
system is given in Figure 1. Adaptive control is being ex-
ercised over controller parameters, such as a proportional-
ity constant or reset rate. These parameters are adjusted
after a decision based on a comparison of the model output
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and plant output. Note that the model has been subjected
to the same inputs as the plant, but has not been subjected
to the unpredictable and uncontrollable disturbances which
affect the plant. This type of adaptive control is called
model reference, as the decision on how to adjust parame-
ters is based on the deviations of the plant output from
the model output.

The model used may be static or dynamic at the discre-
tion of the system designer. If a static model is chosen,
control to a constant output results. Static models would
result from an attempt to control the plant output to a
fixed value in face of external disturbances. If the model
is dynamic, the response of the plant can be controlled so
that it will react to inputs in a desired manner in spite of
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Fig. 1. Block diagram for model reference adaptive control system.
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other loads and disturbances. Dynamic models can be sub-
divided into two classes. One would result from attempting
to maintain the original dynamics of the system to insure
that ordinary controllers are operating on the system for
which they were designed. A second dynamic model could
be developed by attempting to maintain certain dynamic
characteristics, such as gain, in order to maintain known
responses to known inputs in the face of unknown dis-
turbances. In a sense, adaptive control minimizes the sensi-
tivity of the system to undesirable loads and disturbances.
Implementation of adaptive control is inherently de-
pendent on the means used to compare the system and the
model. A common method of comparing the two is to de-
fine an integral quadratic index of performance (12) as

*t
IP = j:eT Ce dt (1)

where C is a positive semidefinite upper triangular matrix
and e is a state vector describing the difference between
the plant and the model. Minimization of this IP with
respect to controllable parameters has the effect of mini-
mizing the deviations of the plant outputs from desired
values.

PREVIOUS WORK

Although adaptive control is rapidly being recognized for its
theoretical value, few papers are available in the literature con-
cerning adaptive control of chemical processes. Among recent
publications, however, a few are of particular interest. Crandall
and Stevens (2) controlled a process identical to the one used
in this work with the exception that a single parameter con-
troller was used instead of the two- and three-mode controllers
used here. The technique depended upon a decision process that
involved a direct search for the controller setting which mini-
mized

t
IP = j; e dt (2)

A limitation was that a multivariable search of an integral ex-
pression for more than one parmeter setting could be time
consuming and imprecise. Furthermore, the use of an integral
error squared IP of this type can result in physically unrealiz-
able controller settings (10).

Casciano and Staffin (I) controlled a slightly less complex
system, but again only one parameter was adaptively con-
trolled. Their technique involved minimizing a Lyapunov func-
tion for the system by applying a correction signal to the con-
troller setting rather than calculating its actual value.

Stevens and Wanninger (13) controlled a system similar to
the one used here, in which forcing functions (as opposed to
adaptive control of dynamic characteristics) were determined
through use of Lyapunov functions. This technique involved
determination of coefficients which not only satisfied Lyapu-
nov’s criteria for stability but also drove the system to be as
“stable” as possible. In the face of unpredictable disturbances,
this approach may no longer be entirely satisfactory. Recently
a technique for adaptively controlling a two-parameter system
has been demonstrated (5), but unfortunately two criteria of
performance must be applied to the system.

Parks (11) derived an adaptive control scheme based on sta-
bility determined from Lyapunov functions. The scheme allows
the determination of instantaneous values of the derivative of
time-varying controllable parameters. Included in the Lyapunov
function is a term involving the deviation of plant parameters
from model parameters, along with the deviations of plant out-
put from model output. This technique omits the concept of
a designer-chosen IP and also requires that the plant and model
be of the same order.

PRESENT METHOD

In this work a scheme is proposed which, after being
derived for a system of a given order, may be used to
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control adaptively any number of parameters, for any
system of that order, provided the means are available
to search an algebraic expression in multidimensional
space or to solve as many nonlinear simultaneous algebraic
equations as there are parameters to be controlled. In the
earlier work, second-order systems were usually consid-
ered and some work was done on extension to higher
orders. Here a third-order plant is considered, and adaptive
control is exercised over two or three of its parameters.
The method developed is applicable to any order plant.

Certain conditions must be met in order for this tech-
nique to be effective.

{(a) An explicit function of certain parameters (derived
later) must have a minimum with respect to those parame-
ters.

(b) Differential equations, which at least approximate
the behavior of the plant, must be available which contain
the effects of the controllable parameters.

If condition (a) is satisfied, the minimum may be found
by any of the classical techniques available for the mini-
mization of a function. The conditions in (b) may be
satisfied in many ways, the most desirable being exact
knowledge of the system equations, variables, and parame-
ters at all times. If this is not possible, as is generally the
case, reasonable approximations to the system equations
or parameters or both may be used. Depending, of course,
on the accuracy of the approximations, significant improve-
ment of the IP over that of the unadapted system index
of performance can be obtained. Accuracy will be a par-
ticular problem in attempting to control plant start-up by
use of linearized versions of the system equations, for the
deviations from steady state will be significant.

DEVELOPMENT

The method developed here allows the minimization of
a popular form of integral IP by expressing the integral IP
as an algebraic function of controllable parameters. This
function can be minimized by classical techniques, such as
the setting of its derivatives with respect to the controllable
parameters equal to zero, solving for the extreme point,
and assuring that the point is a minimum by checking
second derivatives. A search technique might also be used,
but even in this case the computation can be greatly sim-
plified in the algebraic approach when the integrated
functional form is known.

The method assumes that the form of the differential
equations which describe the system are known, or that
the effects of controllable parameters are included in a
linear differential equation which approximates the sys-
tem. On the basis of this assumption, a control law can
be derived which is valid for any system of a given order.

Suppose a system of homogeneous linear differential
equations is available in the form

n
e = 2 byey i=1,---,n (3)

k=1

where e is a state vector for the n-dimensional system and
by, is the k' coefficient in the #h equation. An objective

function
n

V= 2 i ai; €; €;

i=1 j=i

i>] (4)

can be defined, where n is the number of state variables
required to specify the system, the a;s are undetermined
coefficients, and e is the state vector for the system. Taking
the derivative of V with respect to the independent vari-
able of the system (usually time)
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i

V= ii eiekLE ajibjk+20ijbjk (5)
i=1 k=1 i=i

i=1

Now, a positive semidefinite quadratic function of the
state variables can be chosen, such as F(e) = eT C e,
where C is a weighting matrix of order n whose diagonal
entries are normally 1.0 from ¢1; to cmm and whose other
elements are normally 0, and m = n. An index of per-
formance can be defined in terms of this function as

P = ff Fle) dt (6)

where t is the independent variable of the system. Since
F is a positive semidefinite quadratic function and Visa
general quadratic form having unknown coefficients, \Y%
can be set equal to F. This equality will determine the

coefficients @;; in V. The set of algebraic equations which
results is as follows.

n
For i=k: aj; bji + 2 a;; I)ﬁ = Cii (7)

i=i

1l
-

J

Also, as ¢; e, = ¢ e; and C is an upper triangular matrix,

i k
for i<k: 2 aji by + 2 aj bji
=1 i=1

+ 2 a;; bjk + 2 (23] bji.: Cik (8)
i=i i=k

where ¢y = 0 if F is chosen with no cross terms such as
cix €; ex. There are now (n2+ n)/2 equations in (n? 4
n)/2 aijs. These equations can be solved for the a;s as
functions of the b;j’s and the C matrix, resulting in

a; = fi; (B, C) (9)

where B is the n X n matrix (by;).
Since V(e) = F(e), it follows that

P = f: V(e) dt (10)
and
| ,
jtl V(e) dt = V(e) (11)
Thus, '
ta
IP = V{(e) (12)

In effect, the manipulations of Equations (4) through
(12) consist of defining an algebraic objective function
(V) with unknown coefficients, constraining it to be equal
to the integrand of a classical integral index of performance
(IP) and determining the coefficients of V. The net result
is that the usual integral objective function can be replaced
by a complex but more manageable algebraic objective
function, as expressed by Equation (12).

In order to simplify the solution to Equations (7) and
(8) and also to include the effects of the model, the state
vector for the system was chosen to be a particular system
variable and its n — 1 derivatives. The system variable
chosen was the deviation of the plant output from the
model output. The effect of this is to make the matrix B
a matrix whose first n — 1 rows are zero except for 1.0’s in
the location immediately to the right of the diagonal ele-
ment in these rows, and whose n*h row is the vector
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B= (BI’ BZ’ B3) === Bn)

For use in Equation (9), the elements of the B-matrix be-
come

1, k=j+1 for j=1,n~1
b,-k:}O, k#j+1 for j=1,n—1 (13)
Bk, ] =n

Combining Equations (4), (9), and (12),

n i

IP = 2 2 fi (B, C) [ewesle, — eiej]y, ] (14)

i=1 j=1

Because B is a known (or approximately known) function
of the controllable parameters «, the IP may now be mini-
mized with respect to any number of a/s by well-known
classical minimization techniques if the values of e(t;) and
e(ty) are known or can be reasonably approximated. Thus,
t; and ¢, must be specified and the values of e determined
at these points. This can be done by letting t; be the cur-
rent time ¢ (or the time at which an updating of & is to
occur), at which point e is known, and choosing t; to be
infinite. Assuming that any models chosen for model refer-
ence adaptive control will be stable, if we can determine
the stability requirements for the plant and assure their
satisfaction at all times, it is then obvious that V|, = 0
since e|, = 0. Thus

It is possible to determine the stability limits on the con-
troller parameters very simply through application of the
Routh-Hurwicz criterion to the system equations.

It should be pointed out that in this method we deter-
mined those values of the controllable parameters which
will optimize system performance from the time of the ad-
justment to infinity, assuming that the plant will not
change from that time forward. If the system were in fact
to remain unchanged (at its optimum), these controllable
parameters would not be changed at all at subsequent
adjustment intervals. If, however, the plant does vary, the
parameter settings computed at the next adjustment time
would be different, but would again represent the best
dynamics the system could have from that moment to
infinity.

For a set of nonlinear system equations, the choice of V
will determine the form of V. If a V function can be found

for which V can be constrained to a satistactory form for
use in Equation (10) and if the number of independent
constraint equations is equal to the number of constants
a;; used in V, the derivation of the adaptive control law is
the same as in the linear case. If a Lyapunov function is
known for the system, it may be used for V. If, however, a
satisfactory V function is not found for the nonlinear equa-
tions, the system can be linearized about an operating
point and the method can then be applied to the linearized
equations. Unfortunately, this may be a limitation on the
efficiency of adaptive control of nonlinear systems using
constrained objective functions.

Applications of this method lie in (a) set-point control
where the set-point may or may not be the steady state
point of the free system, (b) automatic control of plant
start-up and shut-down procedures (initial offset problem),
and (c) model reference adaptive control where the model
may or may not be of the same order as the system. In
each case, the system parameters may vary in an unpredict-
able and often unmeasurable manner.

APPLICATIONS

The optimal way to verify the utility of any control
scheme is to set it up to control a real plant. Unfortunately,
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this is usually impossible so that most researchers resort
to computer simulations. This work is no exception; how-
ever, we have attempted throughout to keep the applica-
tions examples as close to the control of a real process in
real time as possible.

The method as outlined has been applied in several ways
to the reacting plant described by Kermode and Stevens
(6). All numerical data for the process are the same as
those given in (6). The plant is a continuous stirred tank
reactor in which a first-order exothermic reaction whose
rate constant is an exponential function of temperature
takes place. Heat is removed by cooling water whose flow
rate is controlled by an ordinary (e.g., proportional or
proportional-plus-integral) controller. The output of the
plant is compared to the output of a model and the con-
troller constants are adjusted according to the previously
defined control scheme.

The nonlinear plant equations are

=T (- x) — ke (16)
v
. —AH) k UA(T — T,
t=d - {ZAD ( ),
v pCyp vpCy(1 + 1/F")
(17)
vA’

where k = A e E/RT gpd 1/F = ————
2 Pccchc

These equations were linearized about the steady state
operating condition and the linear equations were written
as

% = K% + K, T (18)

T = Kt + KT + KeQ. (19)

The performance index chosen was
IP = ftl (Cu 612 + C22 322 + C33 632) dt (20)

where e is the deviation variable described above and Cy;
= 1, Cyy = C33 = 0 unless otherwise specified, and ¢, is
the current time.

In all cases the Univac 1107 was used for three separate
purposes. The nonlinear plant equations were integrated
numerically to simulate the operation of the plant for both
the adapted and unadapted systems. The two plants were
simulated by the same program for purposes of compari-
son. In all cases the same upsets and disturbances were
given to both plants. Secondly, the inputs to the plant
were used as inputs to the model equations, and these
equations were numerically integrated (for dynamic
models) to generate the model output. Thirdly, the IP was
minimized by numerical solution of

P _ (21)

day

or by searching — V|, as a function of & for its minimum.
The resulting updated controller settings were returned
to the adaptively controlled plant for use during the next
time interval.

Development of Model

The cooling water flow rate in Equation (19) was con-
trolled by a proportional-plus-integral controller or a three-
mode controller acting on the difference between the out-
put concentration and a setpoint which was set to the
steady state operating point of the uncontrolled plant with
a steady state cooling water flow rate of 0.2 lb./sec. The
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setpoint could have been taken at a different value with
the understanding that the cooling water rate at steady
state under these conditions would be different from 0.2
Ib./sec. These types of control action result in a third-order
closed loop plant in the controlled variable, concentration.
Because second-order behavior of a system of this type
is often desirable, the model in Figure 1 was specified as
second order. The solutions to the third-order linearized
closed loop plant equations were generated on an analog
computer along with the second-order model equations. A
second-order model was chosen after visual inspection of
several second-order solutions to determine the one which
behaved most like the undisturbed plant. With the undis-
turbed plant data as given in Table 1, the model equations
used were
Xm = Ym + Dn, (22)

im = — .00316 ¢ — .0000196 x,, (23)

where Dy, is zero when the disturbances in the plant do
not affect the model. Solutions to these model equations
and the undisturbed plant equations were again generated,
this time on the digital computer, and the values of the
controllable plant parameters were refined, based on mini-
mizing a quality index, until the solutions were as close
as possible to one another. This resulted in the controller
settings which were optimal for the unadapted plant.

Quality Index

Because the IP chosen for this work represents a predic-
tion into the future, some method was needed to evaluate
the performance of the adaptive control scheme. This was
done by evaluating a quality index, defined as

Qr=f Fe)a (24)

for both the unadapted and adapted systems. After both
plants have been in operation for a while, a lower QI for
a given system indicates that in that system the plant has
been behaving more like the model than the plant in the
other system.

Systems Studied

PI Controller. In this first case, the cooling water was
controlled by a PI controller of the form

Q.= — Kx—K; j:? dt (25)

TaBrLE 1. STEADY STATE DATA

Quantity Steady state value
A 3 X 1011 (sec.—1)
A’ 500 (ft.2)
Ce 1 (B.t.u./lb. °R.)
Cp 1 (B.t.u./lb. °R.)
E 45,000 (B.t.u./Ib.-mole)
AH —20,000 (B.t.u./lb.-mole)
q 0.5 (cu. ft./sec.)
Qc 0.2 (cu. ft./sec.)
R 1.987 (B.t.u./lb.-mole °R.)
T 660.8 (°R.)
Ty 690 (°R.)
T, 520 (°R.)
U 100 (B.t.u./hr.-sq. ft. °R.)
v 100 (cu. ft.)
x 0.463659 (1b.-mole/cu. ft.)
X1 0.5 (Ib.-mole/cu. ft.)
p 60 (lb./cu. ft.)
Pe 60 (Ib./cu. ft.)
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For the adaptive feature, the second-order model men-
tioned was chosen. The system equations were specified as
follows. Let

€1 =T —n (26)
Combining the linearized system Equations (18) and (19),

Equation (25) derived for Q., and the model Equations
(22) and (23), the system equations can be written as

&5 = Biey + Baes + Bses + Bsey + Bies (27)

where the state vector is

€1 =€
ez = €;
€3 = e“l (28)
ey = e,
e = ;W
and
B, = — BB; Kin
B, = — BBy Kom — BB, Ky, (29)
B3 = BBI —_ BBZ K2m - BBJ Klm.
B4 = BBZ - BB3 sz -+ Klm
B; = BB; + Kom
where
BB1 = K1 + K5
BBg = K2K4 hanad K1K5 - K2K6Kp (30)
BB3 - KzKGK[
Ky = — .0000196
Ksp, = — 00316

The set of Equations (7) and (8) were solved analytically
for the aij’s using n = 5. These solutions were programmed
and the resulting IP, Equation (15), was minimized with
respect to the controller settings K, and K;. In the un-
adapted system, which was solved for comparison pur-
poses, the best constant values for K, and for K; as deter-
mined by quality index considerations above were used.

Three Mode Controller. In the second case, the cooling
water was controlled by a three-mode controller of the
form

— ¢ dx
Qc:—pr—KIJ; ';fdt—KD——[t (31)
d

The addition of derivative control does not increase the
order of the plant equations, the only difference between
this case and the first thus being the addition of Kp to
some terms in the B-vector. The resulting IP was mini-
mized with respect to all three controller settings.

Minimization Processes

Three different minimization techniques were employed.
The first was a direct search of the IP function using sec-
tioning (I14) in multivariable search. The second and third
methods involved application of Newton-Raphson root-
finding procedures to the derivatives of the IP with re-
spect to the controller settings. In both cases the deriva-
tives of the IP were generated as follows.

Because
n n
IP = — 2 2 a;; Gvi6j|ll (32)
i=1 j=i

and the a;’s are known functions of C and B, and B in
turn is a function of the controller settings, o, then

oIP "o . day 0B
= €iCjity.
aam 2 ~ 2 aBs aam Jltl am

i=1 3

i s=1

\
t1, aan + Aam eieiltl, Olm)
Aam

(/] (eiej

(33)

The e vector at time #; can be evaluated by knowing the
system variables (concentration, temperature, model con-
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Fig. 2. Deviations from steady state values of concentration and its
derivative for adapted and unadapted systems to demonstrate the
effect of controller parometer adjustments.

centration, etc.) at time #; and the controller settings and
by evaluating the intermediate equations found in deriving
the state vector. This eliminates the problem of having to
measure derivatives in the physical plant.

Using these derivatives [Equation (33)], the second
minimization method involved the direct application of the
Newton-Raphson root-finding technique for n-dimensional
equations (n being the number of controllable parameters
;). The third method was a modification of the Newton-
Raphson approach in that the new controller settings were
determined by application of the Newton-Raphson tech-
nique, but these new settings were not used if they resulted
in a higher value for the IP. This is similar to a root-finding
modification proposed by Lance (7). At no time during
the application of any of the minimization methods were
any of the controller settings allowed to violate the condi-
tions for the stability of the plant, as determined by ap-
plication of the Routh-Hurwicz criterion to the linearized
equations for the plant.

Identification

The problem of identifying the state of the system was
not investigated in this work, but the effects of identifica-
tion were examined. Since the e vector here is evaluated
from the linear equations, any identification based on these
linearized equations is inherently imperfect. Also because
the IP is a function of the coefficients in the linear system
(which are in turn variable as system parameters change),
some runs were made in pairs, one run using the steady
state values of these coefficients (corresponding to no
identification) and the other including the effects of pa-
rameter variations on these coefficients. The results of
these comparisons, showing the effects of perfect identifi-
cation (or lack of identification), are presented; of course,
there is an implicit assumption here that the system never
ventures extraordinarily far from its steady state.

Time Scaling

Due to the magnitude of the coefficients in the linear
equations, it was necessary to apply the technique of time
scaling to the coefficients in the resulting system equations
in terms of the state vector. The Univac 1107 can handle
numbers no smaller than 10-%7, and use of the original
coefficients resulted in numbers lower than that being
generated by the computations involved in the control
scheme. Time scaling eliminated this problem.
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Time Interval between Parameter Adjustments

It was found that the step changes in controller settings
introduced by adaptive control did not affect the system
significantly until a certain amount of time had passed. If
another controller setting adjustment was attempted before
the system had really experienced the effects of the pre-
vious adjustment, the adapted system performance could
be expected to be worse in some cases than the unadapted
system performance. In order to approximate the time in-
terval over which the system was not fully affected by a
controller adjustemnt, the following analysis was usetf.j

If K, and K; are considered functions of time, Equation

(25) for Cc can be linearized about some point in time ¢
as

é—c = (Kp|t - Kp)—x;lt

+ (K| —Ki) B, — K|, T~ K|, T (34)

Combining this equation with Equations (18) and (19)
results in

F o (K + Ks) ¥ — (KoKy — KiKs — KoKoky|,) ©

+ KKeKy|e ¢ = K.Kg% le (Kple — Kp)

+ KoKex|, (Ki|, — K1) (35)

It can readily be seen that, if there is no change in either
K, or Kj, this is a homogeneous differential equation de-
scribing the behavior of Z. A step change in either K, or
K; (or both) results in a nonhomogeneous differential equa-
tion which has a constant forcing function. The effect of
introducing this forcing function may be examined by

solving Equation (35) both with and without the forcing
function, both solutions beginning with the same initial
conditions. A typical set of data was chosen and these
solutions were generated, once assuming a parameter ad-
justment had not been made and once with the effect of
the adjustment included. These solutions are presented in
Figure 2.

It can be seen that the effect of the adjustment is not
significant in the ® variable until about 300 or 400 sec.

have elapsed, although a significant change in X is seen as
early as 200 sec. after the adjustment. On this basis, it
was decided that an adjustment interval of 400 sec. was
sufficient to allow the effect of the adjustment to be felt.
Since the e vector has only partial information about the
previous adjustment before about 400 seconds has elapsed,
the predicted IP would be biased by this lack of informa-
tion if a new adjustment were attempted, and the system
could not be expected to perform ideally. Thus, 400 sec.
was used as the time interval between parameter adjust-
ments in generating all the results presented below.

Disturbances

Three distinct types of disturbances were used to demon-
strate the versatility of the adaptive scheme. The first type
gave both the plant and the model the same initial condi-
tions on concentration and its derivative to simulate the
problem of plant start-up. This disturbance is equivalent
to the problem of a change in set-point. The second type
of disturbance allowed variations in time in some of the
plant parameters which did not affect the model, thus
simulating processes in which time-varying parameters
might have a deleterious effect on plant performance. The
third type of disturbance used was the inclusion of changes

TaBLE 2. List oF CAsEs STUDIED

Con- Adapted Deci-
Case troller paraimeters Disturbancest sion®®
1° Pl Kp IC s1
2° PI K IC S1
3° Pl Kp.Kr IC s2
4 PI o IC S1
5 PI K IC S1
6 PI KpKi IC s2
7 PI Ky, K1 IC MN
8 PI Pe LIC MN
9 PI Kp.K1 1IC MN
10 PI Kp.Ki 1 MN
11 PI Kp, K1 1 MN
12 PI Kp.K1 2 MN
13 PI KpKi 2 MN
14 Pl KpKr 3 MN
15 PI Kp. K 3 MN
16 PI Kp,Kr1 4 MN
17 PI Kyp,K; IC,1,2,3 MN
18 PI Kp.Ki1 IC,1,2,3 MN
19 PI KpKr IC1,2,3 s2
20 PID Kp 1C 52
21 PID K,KiKp  IC s2
22 PID Kp.Ki,Kp IC,1,2,3 S2
23 PID Ky, K1,Kp 1C,1,2,3 S2
24 PI Ky K1 IC, 1,2,3,5,6,7 S2
25 PID K,KKp  IC, 123567 s2
26 PID Kp,K1,Kp 1C, 1,2,3,5,6,7,8 S2
27 PID Kp,Kr.Kp IC, 1,2,3,5,6,7,9, $2

® Denotes linear plant equations.

Identi- QI adapted QI unadapted
fication X 102 X 10-2 %tt
No 4.586 6.541 70.11
No 3.407 6.541 52.08
No 2.914 6.541 44.54
No 3.287 5.989 54.88
No 2211 5.989 36.91
No 1.654 5.989 27.61
No 1.750 5.989 29.22
No 4.039 7.294 55.37
Yes 3.667 7.294 50.27
No 0.0244 0.4359 5.59
Yes 0.1659 0.4359 38.05
No 0.3208 0.5544 57.86
Yes 0.3208 0.5544 57.86
No 0.1637 5.457 2.99
Yes 2.420 5457 44.34
Yes 0.00083 17.041 0.00
No 3.275 14.259 22.96
Yes 2.965 14.259 20.79
Yes 2.834 14.259 19.87
No 2.793 5.632 49.59
No 0.00722 5.632 0.12
No 1.278 12.281 10.40
Yes 1.370 12,281 11.15
Yes 1.652 9.483 17.42
Yes 1.277 8.925 14.30
Yes 1.161 8.925 13.00
Yes 3.441 8.925 38.55

®® Decision techniques: Sl1—univariable search, S2-sectioning, and MN—-modified Newton’s method.

# Disturbances—IC: x(0) = 1.05x:; 1: k = ko e-%001f; 2

sin (.003t); 5: ¢ = q« + .001 sin (.006t); 6: U = U, (1.0 + .00005¢t); 7: Tr = Tig + 5 sin (.001t); 8:

= 0, cs = 104

+t Adapted QI as a percentage of unadapted QI, both evaluated at 8,000 sec.
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xr = x18 + .00l sin (.003t); 3: Te = Tes + 10 sin (.006t); 4: Tc = Tes + 10

(1 = ¢2 = ¢3 =1); 9: a1 = 1, 2
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Fig. 3. Case 7: concentration vs. time.

in load variables which affected both the plant and the
model to determine the ability of the system to track a
dynamic model.

RESULTS

The method for adaptive control via the constrained
objective functions was applied to the reacting system
described by Kermode and Stevens (6), using either a
proportional-plus-integral or a proportional-plus-integral-
plus-derivative controller to regulate the cooling water
flow rate. The steady state values used for the pertinent
variables and parameters are given in Table 1. For the
cases in Table 2, the initial condition disturbances were
included to simulate plant start-up (or set-point change).
Other types of disturbances were investigated, such as
catalyst activity decay (which did not affect the behavior
of the model) and upsets in the inlet concentrations (which
did affect the behavior of the model). Representative ex-
amples of the cases in Table 2 are presented in detail in
Figures 3 to 10.

DISCUSSION

In all cases studied, significant improvement in per-
formance was obtained by applying adaptive control to
the plant. Figure 3 shows that, for the initial offset prob-
lem, the adapted system tracks the model far more closely
than does the unadapted system, both with regard to
amplitude and frequency. The constant controller parame-
ters for the unadapted system were set at their optimal
values (which minimized the quality index over time),
so the improvement is necessarily due to the ability of
the adaptive scheme to determine time-dependent optimal
controller settings. The improvement in quality index in
this case is 70.78%, even though only two of the three
modes of control were used. In this case, as in several
others, the parameter values calculated in the first appli-
cation of adaptation (based on minimizing the IP) were
very close to those chosen for the unadapted system (based
on minimizing the QI as discussed above).

The ability of the adapted system to alter its own char-

Fig. 4. Case 11: concentration vs. time.

Fig. 5. Case 13: concentration vs. time.

acteristics provides a means of maintaining a high degree
of control in the face of unknown or unpredictable dis-
turbances (or both) in the plant. Figures 4 and 5 present
the concentration behavior of Cases 11 and 13, respec-
tively, in which the plant was subjected to unpredictable
disturbances. In Case 11, the disturbance affects the plant
but not the model, so the mode! remains constant at the
set-point throughout. The adaptive control feature was ap-
plied for the first time 20 sec. after the disturbance was
initiated, and repeated applications every 400 sec. there-
after forced the adapted plant to return to its steady state
value much more rapidly than the unadapted system as
can be seen in Figure 4. In Case 13, the disturbance af-
fected the model as well as the plant. As shown in Figure
5, the adapted system in this case has forced the plant to
follow the frequency of the model at some expense to its
amplitude-following characteristics. This resulted in a qual-
ity index improvement of 42.14%, as seen in Table 2.

Figures 3, 4, and 5 present results for plants which used
PI controllers. Figure 6 presents the concentration curves
for Case 21. The conditions for this case are similar to
those for Case 7 (Fig. 3), with the exception that a PID
controller was used. The additional controllable parameter
led to much greater improvement in the quality index,
99.9% compared to 70.78% for Case 7.

Figure 7 presents the concentration curves for Case 27,
in which the IP used was

1P = j; (812 + 10¢ 632) dt

The addition of the e; term allowed the adapted system
to track the model frequency in the face of several dis-
turbances better than it did in Case 25, where the same
disturbances were present. The reason for this is that the
IP being minimized in Case 27 takes into account devia-
tions in direction of the controlled variable as well as
deviations in its magnitude. This result is a strong indica-
tion that further work should be done to determine an
optimal index of performance (which would probably
vary with time).

Figures 8, 9, and 10 show detailed results for Case 25.
Figure 8 presents the concentration curves similar to those
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Fig. 6. Case 21: concentration vs. time.
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shown in Figures 3 through 7. The concentration in the
adapted plant has returned close to its steady state value
even though the model is oscillating slightly in response
to a disturbance given to it. This still results in a quality
index far lower than that in the unadapted system, as can
be seen in Figure 9. If tracking of these model oscillations
is desired, then the IP should be changed to include terms
involving derivatives. The reason for the leveling-off shown
in Figure 8 is the high value of the parameter Kp which is
calculated after about 250 sec., as seen in Figure 10. This
high value has the same effect as a high damping coeffi-
cient in a second-order linear system. The other parame-
ters, K; and Kp, appear to oscillate, but there is no appar-
ent correlation between the frequency of these oscillations
and the frequency of the disturbance oscillation.

An important feature of the adaptive control scheme de-
veloped here is that it allows the model and the plant to
be of different orders. In the applications presented, the
addition of integral control raises the plant equations to
third order, although the reactor is basically second order.
In this case a second-order model can be formulated and
used. Naturally, the model response should be chosen to
represent as closely as possible some desirable and attain-
able system response.

Knowledge of the system equations is rather easily ob-
tained in most cases, either through actual knowledge of
the governing differential equations or through the tech-
niques of mathematical modeling. Although the actual
nonlinear equations were known in this work, the linearized
equations were used both in the derivation of the IP
equations and in the determination of numerical values
tor the e vector. In the former, the nonlinear equations
were not used because a suitable functional form for V
could not easily be found. In the latter, the linear
equations were used for two reasons. One reason was that
only physical variables, such as temperature and concen-
tration, which are relatively easy to measure, were re-
quired, as opposed to the necessity of measuring deriva-
tives. The other reason the linear equations were used to
determine the e vector was to introduce the effects of
imperfect knowledge of the plant conditions. The use of
the linear equations in these two ways throughout all cases
demonstrates the ability of the method to perform under
the conditions normally found in real systems.

The effects of identification of the plant were studied by
comparing the performance of systems in which the pa-
rameter values used in the linear adaptation equations
were allowed to change as they did in the nonlinear system
equations, as opposed to systems in which the initial values
of all parameters were used for adaptation throughout the
run, As can be seen in Table 2, this type of identification
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led to a deterioration in performance when only one dis-
turbance was present (Cases 10 to 15). However, when
more than one disturbance was present, this type of identi-
fication led to improvement (Cases 8, 9, 17, 18). This
behavior is apparently due to differences between the
linear and nonlinear systems as they deviate from their
steady state values (ie., due to the fact that perfect
identification of the linear approximations to a nonlinear
system is still imperfect).

Another improvement over previous adaptive control
schemes in this method is that an integral IP may be
defined to include not only a variable of interest, but also
its derivatives (or, with slight modifications, other vari-
ables), as seen in Case 27. This avoids a problem presented
by Newton et al. (10), which shows that the use of integral
squared error (ISE) IP’s can lead to physically unrealiz-
able or erroneous controller settings. The use of a deriva-
tive in the IP balances the attempt to attain a given value
for the variable itself against a too rapid approach. In
simple cases, the minimum ISE could lead to an infinite
derivative and, in more comp]ex cases, to excessive over-
shoot. In all of the cases in Table 2 (except Cases 26 and
27), the IP was an ISE, so maximum values were arbi-
trarily chosen for all three controllable parameters. At no
time during any of these runs were any of the parameters
allowed to exceed their maximum values. Minimum values
for all the controllable parameters were determined from
the stability requirements.

Of the different decision (or minimization) techniques
used, those which involved direct minimization of the IP
(search and sectioning search) proved to be slightly better
than the use of some form of Newton-Raphson root-finding
for the derivatives of the IP. This can be seen by compar-
ing Cases 6 and 7 and Cases 18 and 19. There are two
possible reasons for this. One reason is that the second
derivatives for use in the root-finding methods were ap-
proximated numerically, rather than being calculated ana-
lytically. The reason the analytical results were not
used, although they are rather easily obtained, is that a
considerably longer amount of computer time would have
been necessary in each case. Another reason for the slightly
poorer performance of the root-finding techniques when
applied to more than one controllable parameter was the
unsatisfactorily solved problem of what to do if the method
predicted values which were outside the allowable ranges.
The root-finding procedures did result in lower execution
times, which indicated that they found the optimum points
faster than the search techniques. For example, on the
Univac 1107 the execution time for Case 18 was 4 min.,
41 sec., and for Case 19, 6 min., 32 sec. For the three
mode controllers, the improvement in performance by the
search technique was deemed to outweigh the disadvan-
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tage of increased execution time. Even in the most compli-
cated three-mode case, Case 26, the average time required
to calculate a new set of parameters was less than 30 sec.,
which is far smaller than the adjustment interval of 400 sec.

Another significant aspect of this work is that the entire
derivation has been obtained in the time domain, thus
allowing the outline of the derivation to be applied to
nonlinear systems. This application to a nonlinear system
involves the difficult choice of a functional form for V, but
with luck good results for nonlinear systems may be ob-
tainable.

Because the method derived here results in an algebraic
IP which is directly related to an integral expression, the
manipulation of integral equations is not necessary. No
approximations to integrals are needed to apply the
method, nor is there any need for numerical integration
in the method itself. This, along with the explicit de-
pendency of the algebraic equations on system parameters,
permits elementary techniques for minimization to be ap-
plied in order to compute optimal values for controllable
parameters.

CONCLUSIONS

Adaptive control using constrained objective functions
has been applied to a reacting system and, in the face of
various types of disturbances, including the problem of
plant start-up, resulted in a significant improvement in
plant performance as measured by a quality index.

An algebraic objective function has been derived which,
when minimized by any classical analytical or search tech-
nique, results in excellent model reference adaptive control.

Identification of the plant parameters has little effect on
the performance of the adaptive system in the normal
operating regions. This would be true for most real cases,
provided deviations are not extremely large.

The method allows the use of a model which is of an
order different from that of the plant.

The form of the IP chosen determines the characteristics
of the adapted response. Future work in this area could
lead to a time-dependent functional form for the optimal
IP.

As the V and V functions used here are very similar to
those that might be used as Lyapunov functions for the
system, further work is indicated to attempt also to deter-
mine the conditions for stability from the equations them-
selves, rather than through the use of an independent sta-
bility criterion.
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NOTATION

A frequency factor in Arrhenius equation

A’ = area of cooling coils available for heat transfer
a; = coeflicients in V (Equation 4)

B = matrix of coefficients in state vector equations
B = vector of coefficients in state vector equation
B; = elements of B

b;; = elements of B matrix

BB; = a grouping of terms for use in Equation (29)
C = weighting matrix having elements c;;

Cp = heat capacity.

Dy, = adisturbance term added to model Equation (22)
E = activation energy for the reaction
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e = difference between system and model outputs

F’ = a collection of terms for use in Equation (17)
F(e) = apositive semi-definite function

fii = functional form of a;;

i, j, k, s = indices for summation

IP = index of performance

K = a constant

K,, K;, Kp = proportional and integral and derivative con-
stants for controller

n = order of system differential equations

QI = quality index, Equation (24)

q, Q = flow rate

R = universal gas constant
T = temperature of effluent from tank
t = time

U = heat transfer coefficient

V = afunction related to the IP

v = volume of reactor

x = concentration of reacting species

y = derivative of model concentration

@ = a generalized set of controllable parameter values

AH = heat of reaction (A — B)

P = density

Subscripts

c = cooling water

I = input (except K;)
m = model

s = steady state
Superscripts

— = deviation from steady state
= derivative with respect to the independent vari-
able of the system
(n) = n' derivative

Definition of Linear Equation Coefficients

L —ae ()
Kk =———A _—
! v xp RT,
—E
saon (22)
X exp RT.,
K2 =
RT?
—E
AH A exp <-———-)
RT,
K4 =
Pcp UA’
K5 — q

"o 0pCu(l + 1)

—E
xs E A exp (—-) AH
+ L
RTg oC,

(UA)2(Ts —T.)
0p Cp 2. po Cpy Qe (1. + 1./F")2

Symbols Used in Figures

DXA = derivative of concentration, adapted system
DXU = derivative of concentration, unadapted system
QIA = quality index, adapted system

QIN = quality index, unadapted system

XA = concentration, adapted system

XM concentration, model

XU concentration, unadapted system

Ks = —
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Separation of Nitrogen and Methane
via Periodic Adsorption

PHILIP H. TURNOCK and ROBERT H. KADLEC
University of Michigan, Ann Arbor, Michigen

The periodic process utilizes a rapid pressure swing cycle in an adsorbent bed to effect the

separation of gas mixtures. During the first portion of a cycle the compressed gos mixture
flows into the adsorbent-filled column. Next, while the feed gas is restrained, an exhaust
orifice is opened at the feed end of the column providing depressurization. The product stream
is enriched in the component exhibiting the lowest coefficient of adsorption.

A mathematical model based upon the assumption of instantaneous equilibrium between
the gas phase and the adsorbed gas was formulated and solved to simulate the periodic,
adsorption process. The measured nitrogen content of the product gas stream was found to

correlate with the ratio of the product gas rate to the feed gas rate.

At 24°C. the calculated pressure response, feed gas flow rate, and product gas composition
correspond favorably with related experimental measurements for all values of the feed gas
pressure, cycling frequency, and product gas flow rate within the ranges investigated.

Several unit operations have been studied under con-
trolled cyclic operation since the principle was first re-
ported by Cannon (I). Basically, these pulsed operations
utilize repetitive parameter changes applied so rapidly that
the system behavior remains transient in a cyclic steady
state manner. Controlled cyclic operation has produced
significant throughput increases and improved efficiencies
for processes such as absorption, extraction, and distillation
(2). In addition, Wilhelm (3) successfully demonstrated
a dynamic adsorption process for separating fluid mixtures.
The process, termed parametric pumping, relies upon an
axial thermal gradient induced along a fixed adsorbent
bed through which the fluid flows in repeatedly reversed
directions.

The dynamic adsorption process to be discussed here
differs from parametric pumping in that pressure rather
than temperature provides the driving force for the separa-
tion. The periodic adsorption process employs a very rapid
pressure swing cycle. The compressed feed gas mixture
flows into an adsorbent-filled pipe, thereby pressurizing
the column. Next, while the feed gas is restrained, an ex-
haust orifice is opened at the feed end of the column pro-
viding depressurization. These feed and exhaust periods of
a cycle are of such brief duration (0.05 to 0.4 cycles/sec.)

P. H. Turmnock is with Union Carbide Corporation, Tarrytown, New
York.
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that a product stream may be withdrawn continuously
from the opposite end of the pipe. The product stream is
enriched in the component exhibiting the lowest coeffi-
cient of adsorption.

The objective of this study was to attain a better un-
derstanding of the mechanism and behavior of the periodic
adsorption process. The practicality of the selected nitro-
gen-methane feed gas mixture was dictated more by the
availability of basic adsorption data (4) for such mix-
tures than by their appreciable natural and commercial
occurrence.

Many parameters affect the cyclic separation of the
nitrogen-methane mixtures, Of these only the column con-
figuration and the minimum exhaust pressure have re-
mained invariant throughout this investigation. However,
the feed gas composition, the type and size of molecular
sieve, and the percent feed time per cycle were established
at suitable values by preliminary experimentation, and
will remain fixed for this discussion. For most experiments,
the column contained 42-60 mesh particles of type 5A
Molecular Sieve. A nitrogen-methane mixture containing
28.6 mole % nitrogen was fed to the column during 50%
of the cycle period. The effects of processing temperature,
cycling frequency, feed gas pressure, and product gas flow
rate are illustrated and discussed. The experimental results
are compared with those predicted by a mathematical
model postulating instantaneous equilibrium between the
bulk gas and adsorbed gas.
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